
85 .4 Thom isomorphism- oszulcomplex and

↓
Let : V- X be a G-equiv

vector bundle.

: be the zero-section.
Let

.....

Goal Provide a canonical resolution of ixox by Gequir.

-

locally free sheaves.

rkV

Def Put x (V) :

=Edi < Niv] KX)

The Koszul complex is
-

...+ rv + Mix + rux + i xox

Let 4 : V-X be the dual vector bundle .

Then

&
v

=
+ (1) V).

So the Koszul complex can
be rewritten as

... + + + (1 vt) + +
+ (1(v) + O + ix 0x

P The Koszul complex is exact

Therefore ,
(ixEx] = #

* (x (VY) = /
°(X)

.

Now we can use the Koszal resolution to define it : K (V) + KGX,

(F) > [E1 Hi (KoszuD .

Recall : i LE] =
alternating sum of

cohomologies of
by

F (resolutiono
a

Lemma * : KO(X) -> KOX) is identity.
-

i Xi x : O(X) -> (G(X) is x(V) -



Pleti : N M be a Gequir closed embedding
of a smooth G-variety N into a smooth variety M.

Then + ix : KO(N) -> O() is X(TM) x -

If Of
V -V-V>

+ O is a
SES of

G-equiv vector bundles , then XCV) = X (V, LX(VL).

Thm (Thom
isomorphism)

-

Suppose
:
E-X is an

affine bundle.

Then +*: K; (X) => I (E) X ; 20 ·

for
-Let :V-X have zero-section i: X -> V .

Then it is the inverse to *, the Thom isomorphism.



IConvolutionand Them isomorphism

The goal is to understand the compatibility between

convolution and Thom isomorphism.

Setup
M

.,
M2- smooth proj G-varieties
Mz = pt
22 = M .

x M2

23 = Maxpt

213 : = 2
,20223 = M ,

x pt

convolution gives : K
° (M, M2) /" (M2) -> K

<
(M1) ,

i. e
,

Pm : K (M .
x M2)-M2)

,
KYM).

Pr : Er -> Mr G-equir. vector bundles

ir : Mr Er zero-sec
tions

:= ide
,

P2 : EXE - E. Ma Thom
T : = i

,
X idMa : EM, EEz

isO

-

ZEIXE-closed G-stable subvariety IAssume Plz is proper.

Then 20 El is well-defined.

So we have <(2), (E2) volution<(202)ashforward (E),

i .
e.

:°(2) ((E) ,
KO(ED).

But the blue can be identified by Thom. How are (2), <Y(M ,
M2)

related?

Lemma The following diagrams (in K-theory and BM-homology) commute.

- ko(z) -> HOMp(a) (I(E2),
°(EI)

H &M(2) Hom(HM(E2), (ED)

- op* ↓
PE

1/ Thom L *
1) Thom

1
%(M , X M2) <HOMM((KY(M2),

KY(M) ·

M/MMHOM(HM(M2, HEMIM)

Lemma Take M .
= Mr

,
E ,

= Es.
-

2022. Then the following diagram commutes.
Assume

%(2) -> Endr((((E)
/ Thom

120 MXM) -> Endr(((M)


