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↓ Our goal is to understand C-equivariant sheaves.

Setup
-G-linear algebraic group

(i . e., closed subgroup scheme of GLn)

X - G-variety ,
i

. e. variety equipped with G-action

G-variety)
GXX-X comes with two maps :

a : action map (X as a

p
: projection map

Motivation
-

comes from 5-invariant functions.

A Ginvariant function fix + Q is a function such that

f(gx)= f(x) Xx = X , gEG .

Another way to rewrite this : aff and pof are functions on X,

a
+ f(g ,

x) = f(gx) and p
* f(g , x) = f(x)

So f is G-invariant -> a
+ f= p*f. nxid

There are also compatibility maps
GxGxX-> GxX

,idxa

coming from f(gi(g2x) = f(x)= f ((ig2X)
, saying that

(mxid)* p
* f = (ida)

*
a
+ f

.

Sepullback
We work with Ox-modules ,

so for a map f : x-y,

and an Ox-module F
,
define

+
*
(F : = Of-



Def
~ Let X be a G-variety , Fan Ox-module.

F is equivariant if

1) there is aqven isomorphism I: a*-> p*
=

,

2)the maps GxGXX-X are related by

plo (idoxa)* I = (mxidx)* I
.

Remark
-A similar definition works for arbitrary sheaves instead of Ox-mod.

2) It's meaningless to ask If a sheat is Greqnivariant.

to beGequivariant is to equip a sheat with additional structure,

# For a 2-variety X ,
then Ox is a Grequir sheat by

a
+0x = 0xxx = p

+ Ox .

Ex
LetF be a locally free sheat on a Gariety X,

with total
space + : F -> X .

Then : giving - a Grequir structure
is equivalent to

giving a G-action : GXF + F on the

total space ,
such that :

1) A commutes with G-action

lin particular, 9 : Fx - Fyx or fibers)

2) on Fibers
, Elgit is a linear map of

vector spaces.



& quivariant line bundles

Our main goal is to
prove

:

Main
thm
- 6-linear also group

X- normal G-variety

2- line bundle on X

ThenE netso such that ~ admits a (possibly not unique

G-equivariant structure.

We'll
prove

this through a
series of lemmas. For convenience,

Def
Say a variety X is "fairly affine" if it contains a

-

Zariski-open dense subset of the form (x() = AxCm

mma Let X be a
normal variety.

1) If X is smooth then Pic(X) = (l(X) : = Div(X)/PDI(X).

2) For any X
,
the projection map p : (x(R) X-X induces

an isomorphism via pullback p
+: <l(X)= Cl (Cx((*** X).

3) Say UCX is open and &C3 are the irred - comps ofX D

Then we have an exact sequence

ZE(i3 -> C1(X) -> Cl(v) + 0.

Lemma-Let M. X be smooth varieties with M "fairly affine"

and projections MXX Mom -

Then any line bandle I

on MXX is the tensor product of pullbacks pr ,* of line
bundles on M . X . (To be explicit , = (P** L/m) * (p2/suxx) .

Note : this still works for M.X normal and meM
, xEX smooth points .

Proof has components .... In of codiml.
-i Set == x(**CM =>M

27 We have an
exact

seg . "-> (l(MxX) -> (1 (UxX) = Cl(X) + 0.

Here , "= [ixX ]3.
3) So Cl(MXX) is generated by PND for DEFEC<(1(M) and

p
*E for EECE(X) · A



Lemma
-Let G be a linear alg , group.

The G is "fairly affine .

"

Proof
~

1) The unipotent radical JyCG is =A
, so

it suffices to

prove
for GG/Gn

,
a

reductive group.

2) Pick opposite Borels B&B-CG , with T:= BB- a

maximal fores.

3) Bt. B- is dense open , b/c B 13 = G/B
-

is the unique
dense open cell/orbit

4) B+ B= U
-

x TXU +
= (Y)

·

in the flag variety.

#

So now we can apply the Lemma to GXX.

EmmaPicCG) is torsion .

Proof
~ 1) G has finitely many

connected comps,
so by induction

assume G is connected.

2) As varieties , G = Gnx(G/Gn) ,
so
(l(G) = (l(G/Gn).

*t reductive

Also everything is smooth so Cl = Pic
.

So assume G is reduction,

3) We have an exact sea . 2-(l(G)
-> C(UXTH = 0.

X
free ab. grp by closures of Bruhat cells of codim

I

For
↓ principal divisor

simple reflections

4) semisimple , B = U(fa) for some
-

SLEW
,

fatC(G) ,
shown by BGG .

So B +
ScB :

each cell ,has as ECLG: then deg(+ C) killet A

Sketch of-main thr
proof o

1) Let I be a line bundle or X . Then a 2=-

*E) ** F).-
En particular, picking eff

. Fr +/x = 2
,

so a+ 2=(PE)(*)
2) E is line bundle on G so is forsion ; so * OGE a

*Y *
= >*

on

3) So < (2) => p
+(2)

·

Just need to check compatibilities with GXGXX-2XX: A



& MoreonL-equivariant sheaves

Cor (of
main
thin

-Let X be a
smooth quasi-projective

G-variety.

Then I an ample Gequivariant line bundle on
X.

Proof
The embedding : X4Ph is induced by *O(D

,
is ample.

The main thm says
that some tensor power

of it is G-equir. A

↑ebraic action
i

a (possibly 8-dim) G-module.

* The Gration is brais if AmEM
,

E a finite-dim

G-stable subspace UmCM containing m.

The way to think about it is as follows .

K(G) : = Oj(5) is

a algebra .

Then

M is an meM, we get a map M is a

algebraic ->
a
finitest -> M- /DOM ↳ (G) - comodule

G-module Emi s .
t.

m-> Efimi

g . m = I . mi CM
sit .

3 .
m = [fi(g). Mi

Remark
g E G

Being a comodule implicitly has some
finiteness assumptions-

since the tensor ((GOM consists of finite sums.

In general, a f-module M just gives a map
M- MapsG,

M).

C(G]OM .

Lemme-F is a Gequir coherent sheat on a Guariety X,
then

↑ (X,F) is an algebraic G-module.

Proof
-An algebraic G-module is just a C16-comodule.

That's given by

↑ (X , f) =* (6 + X , a
+f) = ↑(6xX

, p+
=) = C(G]o(X,F) .

I



hm (Equirariana embedding

Let X be a normal quasi-projective G-variety .

We already know IPN).

But E (fdim) V
, p: G -> SLI so

V is a Grep,
and an equivariant embedding

i
: X↳ P() i . e. p(g)-i (x)= i /g . x) .

Proof
-) Since X is quasi-proj ., we have X4**(,L

*

) for some ample

projective line bundleL on
X,

and 1 =**(1).

2) ([(x)
**

is G-equiv,
so replace L by 2.

3) We have (x ,
2) < ↑ (x,2).G-stable ,

possiblyso-dim
not G-stable,

G-stable
finite-dim

But N(X,2) is an algebraic G-module, soE finite dim (
, 2) C(X ,2)

4) Since ((X ,2) already separates pts and tangent vectors of X
,

hone X,

it follows that U does as well . So XP( is Gegnir . embedding-

To take resolutions by locally free Equiv sheaves
,

we need to know surjections
exist.

Prop
- Let X be a smooth (or just normal) quasiprojective G-variety .

Then y G-equiv coherent sheat on X is surjected on to by a

C-equiv. locally free sheaf.

Proof
- X*

- projective ·

Extend CF to F on ; this may
not be Geguir

Fix2 ample on
X.

2) Pick n large ; then : 1) 2**
x

is Gequir,

2) Fyor is globally generated,
3) Fly is generated by X .

F2)
.

3) We have (X
,
#02* < N(X, (x2*x).
I

finite-dim .

-stable
, algebraic G-module

Since ↑ (X, (2) is an algebraic G-module
, I a finite-dim

G-stable subspace &(X,) < VCY(X
, F*(x) which generates

↑ (X ,
)xy/x) .

4) So Vox+ = 2/ => VOL
*/

,
*

. A



Now we need to know that everything extends from open

dense subsets in the Gequivariant setting.

P Let F be a G-equivariant coherent sheat on X .
Let X be an

open dense subset in a projective Graviety .

1) There's aGequir coherent sheat F on * so that Flx =F.

2) Let fiF+6 be a Gequir morphism of G-equir sheaves on

X . Then there's a Grequir morphism of Gequir sheaves

F: + 5 on A extending f.

Proof
-

: V LY,
*

- F
.

& Wyom -Ker(A) .

3) F = coker/WY,

* VOY/ ,
*)

6-invariant
4) ↓ > section st Hom/W, v) 2

(m -1)
↑

5) Form divisor DCX of all xex where Hom/W,
V has a pole.

Then s is a Ginvariant section Hom/W,V YO((k .D) for 130.

6) Then Set F : Wy- V2
**(k .D)

,
Gegnir . morphism .

Then F:= coker F works .

7) Part 2 is very similar. A

If X is a smooth quasi-projective G-variety,

then any
Gequivariant coherent sheet has a finite resolution

by locally free Sequivariant sheaves.

Proof
~ We can definitely take a resolution by repeatedly surjecting outo

the Kernels:
... ->

4
+ + + +

T

To see
that it terminates ,

it suffices to use Hilbert syzygy thm

Horget the G-equiv. structure)
,

which says that = 0 A
dimX


