
4 .4 Stabilization
-

This will bea shorter summary , skipping many technical details.

Our goal is to understand the behavior of the constructions in642 as d=0.

Setup
-
Fix re50 ,

1, ... ,
-13 .

Our deco will always be d = r+ kin
, so any twod's

are equal mod n.

Recall constructions in $4 .2 : we have Nd
, Md ,

Id
, Fd.

Eix := (d) Egln to be the wilpotent Jordan block of size n.

Define the embedding in gla-glan, *- x0e = (Ye).

: Construct No, Mo
,
Zoo

,
etc

.



=ConstructingNo

Fix the remainder re 50,
1

, ....
n-1.

Then define := x +C
.

j = 0

Let M: = K! Then we have SESo

0 + r"- q
++*

-> kr
+

-> 0
.

Then we construct

GL : = EgeGL((
*) I s/r = Id for 103.

Note that GL <GL via EgeGL(*/ SLIE
,

and GL
+c

= Im Gluten :

K

So all elements should be "eventually Id" .

So set erk : = I!e . .

Similarly,
No := Extend ((

*) (X=0 , /p = Emp
for 1303.

Note : Nuc is not a cone variety !

Similarly , Notco can be realized as a
direct limit :

We have Nr Nutn Nata is ...

=> Nut = Lim, Nrekin

similar to the finite-dim case , Gl * Nuto by conjugation.
Remark The GL-orbits are naturally in bijection with things called

"Dirac seas
!"

"



Dependence ona
& ~

Fix = = (0
...
C) the standard full flag in Ch

the unique
full flag fixed by zegen.

1) We have a system

F > ( Fan 2 ..

d

where · (f) = F : = (00 #ODEF ... M

2) We have maps M : Ma-Na
,
(x ,
FrX.

These fit into a commutative diagram/system

Ma Man Man ...

Mt My ↓
No is Nath Naran is ...

3) L xENa
,

we have i (5x) = Fil ·

i
: H(F() => H(Ex)

.

4) Since Za := Ma
,

Md
,

we
have maps

2 Zath is Inten is ...



We have the comm
. diagram :

In Zatn

↓ f
MaxMa ManMath

This induces -restrictionwith support map :

i : H &M(2+H) -> H &
M (21)

<-> c (MaxMa] .

Furthermore ,

it restricts to a map

i
+

: H (2+) -> H(2d) .

Manthm
=

1) i : H(at) + (2d) is a
home of bras

wrt convolution.

2) The H(IdLH(Ex)+ H(Ex) fit into the

system :

... -> (2)H H(2)(E) H(H(Ex

↓
.. E



Profinitecompletion

UIslu) is an infinite-dimensional algebra.

~We'll now take the profinite completion : Remarpologentin
: = 1 U(s(n)/I

the inverse
limit over all finite-dim quotients,

equivalently ,
over all (two-sided) ideals I of

finite codimension.

Since 2(SL) = Mr ,
the roots of unity ,

we have a weight

space decomp for any fod .

Slu-module M :

M = 0
~

Mx
X E(Mn)

where (un) is the Cartier dual (= Pontyagin
dual) of Mn ;

this is / ,

and Mx is the subspace for which

I(SL) acts by X.

In particular,
U(s(n)/=Use
.

Therefore U = lim Usen/=
(Istn)(7)

ECF is the subalgebra characterized by the property

that : for
any Crational) simple Stu-module with central

character &d
,

if dir(medn) then Fr acts contrivially ;

if dEW (modn) then Ur acts trivially.



The maps + : U(sln) -> H(a) with Kernel

Id
: = Ann (() *d)

are compatible with it :

U(s(n)

/ ↓anPateno
iH(21) (2) H(du)> ...

This gives
us a map U(sln) -> IH(In)

Manthm
2

For eachrf 30 ,
1. .... n-13 ,

we have an iso
of

-

complete topological algebras Up = inH(2n).

This realizes the natural map U(s(u)->
H(Iron

as
U(s(n) +

= (

Proof-Recall that H(2d) = U(sln) / Id
,
In =Ann (LC)

**).

But the center nets on K by X1 ,
hence acts on

(C by Xd =

r since dirthin .

So

↳ H(n) Ur
with central characterAr appears

in

Butevery ir 30
,

so actually liH(2+kn) => Or
A



6 Infinite-dimensionalinterpretation
~

In the f.d
. setting ,

Mac (x ,
F)

Ma = T*d , My I
Nd = x

And 20 ° =
x

=
x
= H(2)AH((x) .

Inthe c-dim setting :

- We constructed Not

- Define

Fran =E F = (ocf ,
c ... Euc)) Fresa

= Lim
,

Fan under maps
iFrisEren Fra --

- Define
Ma = &,) eNoFrad( (fi) eFin Vie

= Lim
,

Mrtken under map,

MrMan
Muni ...

This plays the role of the cotangent bundle to Fr+

Calthough there's no zero section).

- We again
have a map M : Mr+-> Ne,

(x, F) +-> x

the fibers are finite-dimensional projectivevarieties
-

-
Define Into : = Mo No Mo = lim Iran

->

Lunder i maps).

- Then r
= li (m)"= H(Ire" be viewed as the algebra

of infinite sums of irred· comps. of Zrto
.


