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Mainthm (Jacobson -
Morozor

-

let g be semisimple Lie als/k fieldharo. For all nilpotent ecg

there exists hifty
sit . Cesfin) form an sla-triple :

1) Chiet = Ze ,
Chift = -2 f

, Le , f] = h

sending esse

2) I Lie alghom 2 : Sl, (k)
-> & 4th

fitf

3) hegss and feN .

GGiven eGNCG ,

Proof I map 2 : S((k)- G

~ Postponed to end of $3.7 ·
A

st .

dr : (8 e.

Def Cor- We say Cetih) is an sle-triple .

~ Since stecht(+
) + S(2(k)

,

*Note that this triple is not unique ! we get a hom .
W: K * -G sit .

In fact, non-uniqueness is measured by :

U(t) eW(t)
"

= +2 e .

Prop~Fix etNcg .

Then 8 : 992-y sending exce is determined uniquely up

to conjugation by the unipotent radical
ofZgle),

the rcIgle) where U = imle) ekerle) .

i. e., zigle)
Proce f-
Again postponed to end of $3 .7 .

A

Let g
:
Slu(D). Then any eeN is

conjugate to a direct sum of

Jordan blocks , so it suffices to

deawithasingleFore
h and of explicitly :



z
Recall that every fid .

312-rep is a direct sum of irreps,

and every
fd . irrep

looks like :

spaces
of h, integer weights

· e ,
weight

·j. ->
m-o ·T

rows
are the

Therefore
, every

titdiee ⑦- decomp into irreps.

e : increases weight by 2

f : decreases weight by 2

· · o ·

--> h-weight
O

This diagram is symmetric about h = 0.

Assume V is a fidsta-rep.

If veV with fv= 0 and hiv= -mV ,
then meEso and entr= 0

.

If 26g
is hilpotent, then it acta nilpotently

on any fod . g-module.

Proof
~ Use the fact thatI can be extended to an sle-triple. It



&

1) Fix etNcg .

2) Choose an sle-triple le,
t

,
h)

, so
that see 4 g ,

and g is an ste-module

3) adh nets on a by 2-weights. This induces a grading

9 =0 gn . gui= Exeg ,
adh(x) = nx

Note that Lie 2
,
(e) = Igle) = Kerlade) .

·
D) All eig's of adh on Igle) are in 210 .

2) If all eig's of adh are even , then dim Igle) = dim2g(h).

Proof
~ Use the picture .

1) Igle) is all of the highest weight spaces in each row.

By symmetry , all weights are 20.
since even weights

2) The rows are in bijection with irreps in the direct sum decomp.
-> each irrep has

exactly one

dim] <
(h)= dim go #irreps ,

and dim 2g(e) = #irreps. A 0-weight space
.

Part ( of this Corollary gives us an easy proof of:

M Choose a decomp 9 = -AKAR+ · Let Sei3cM+
be root vectors

for simple roofs. Then Jei is regular hilpotent.

Prof Set e= Jei i we need to construct (e
,
f

, h) sit. eig's of h are even

so that theCor implies dim Igle) = dim 2g(h)= dim G => < is maximal

1) Fix simple roofs 4i .
We are given eifMa:; also fix e

. itM-di

2) Fix hi = ciCei,
ei] Sit.

LiChi)= 2. These form a basis ofH.

3) Fix h = E Mihi st.
LiCh) = 2 i .

4) To complete the sla-triple ,
set fi= EMie-i .

Now by construction ,
Ceifih) is an sl-triple (this can be verified by direct computation

of the commutator relations)
,

and adh has only even eig's (since Li(h)=2 simple roots)·
A



Ses
We are

interested in dowy slices.

Def Fix exNcg ,
and choose an sle-triple (e

,
fill.

Let = G .
e be the orbit of e and 5 := Zg(A ·

The Bodowyslice
,

aka shadslice ,
is e+ s = e+2g(+)

Prop The affine space e+s is transverse to ing,
and lets)ne.

- i) To show transversality , we need to show Telets) * Tel
= Telg) .

Proof

But Tele+ 3)= S
,

Te= Telle) = <g ,
es = imlade),

and Teg = g=Keradtimladse.

2) To show that (+ 3)1
= e

,
we define a R-rtion on ets.

Recall the map
W: K*

-> G
,

s .t-
e = + Ad(2()-) (e) .

Then define (*x(e+ 3) -> ets by (,
e +3)> e + t. Ad(Ult-) (3) = +2. Ad(W(t ) (e+ 3).

Now ,

S = KerladA has only lost, hence compositive , eig's for ad h action.

So Ad(2Ct)) acts by nonnegative weights ; the +2.Ad(2H)) acts by

t-> O

strictly positive weights , so uses
,

we have a contracting map lim t.
(ets) = e.

It remains to know that NP1(e+ 3) is KY-stable , see Prop 3 .
7.

6..

Cor
- Lemma 3 .2 .20 tells us that for some openubhe

<xVc9 ,

--

Nn(e+3) NU is a transverse
slice to in N

Prop
↳Mits2 N

↓ ↓
' fin ritle) is a homotopy retract

of mi (e+ 3).
-

n (e)

3e34 ets - N

Proof Omitted , see
book. A



I structure of Zale) .

0) Clearly Lie Zge) =I g(e) .

1) Pick ski-triple (e,fin). Then adh induces grading g=0 gn.

Put In = = Igle) 1 Gn. This gives a grading Ig(e) = # In .

n =0

2) This sum runs over only nonneg . integers bl Igle) = Ker Cade)
,

only highest weights.

3) Therefore Hi= O In is a nilpotent ideal in Igle) , correspondina

unipotent subgroup UCIgle).

Lemma
-

M = im (e) eKerle) .

2) ht M
= U . h is stable under adjoint

U-action ,
and is a single U-orbit.

Proof
-i) Immediate by structure diagram

of sla-modules.

2) It's clear that Ch,
2] = H

,
so Ta(U . n) = TaChtU).

This implies that

U . h is dense closed in hime ,
henes all of hthe. A

↳> U is unipotent

Now we can prove two results from the beginning of 903 .7.

Prop~Fix etNcg .

Then 8 : 992-y sending exce is determined uniquely up

to conjugation by the unipotent radical UcZgle),

the n < Igle) where n = imles ekerle).
i. e., zigle)

Proof
~ Let Leitch) and let, I'l be two sle-triples .

D If hih' ,
then we claim that fif' as

well. Note :

[f ,
e) = h = h= (f/,

2) => (f-f'
, e) = 0 = f-f'EKerlade) = Ig(e) .

But f-f' has hideg -2
, so f-f'tIgle) -

= 0 => fif)
.

2) Now [h , 2) = 2e = [hie) = (h-h' , e] = 0 = h-h'eIg(e) = Kerle).

But h-h = [f-fiel timle) .

So hth'timle) 1kerle) = 4.



3) The lemma implies that IneU with what= h'

One easily checks that (e
,
ufut ,

whatch's is an sk-triple,

so by part D
,

ufut= fl A

D
Let Ce i

fin) be an sla-triple .

Write Gsc =2 c(SL) to be the simultaneous

centralizer of let, h) in G
.

-Prop
is a maximal reductive subgroup in 2,e).

1Gslz
2) U is the unipotent radical of Zale)

.

Proof-omitted. A

hotproof of Jacobson-Morozov
tha

1) First we want to shrink Igle) until
it only contains nilpotent elements.

We do this by repeatedly cutting out non-hilpotents.
To xtIgle),

if X &N,
then Jordar form x=,

th = [x ,
e) =0 = (s ,

3) =0 = StIgle) .

Then replace 9
with 2g(s)fe ,

or rather
the misimply partof Ig(s).

~reductive + proper

This shrinks the dimension
, and removes x

, so
we're done by inductiona

2) We now find a semisimple h with Chie] = ze .

First take any xeg with (xiesze. Then x= n+ S (Jordan form) ·

and e is an eigenvector for both adn
,
ads .

But and is milpotent,

so adn(e) = 0 -adX(e) : adsle) = 22 .
So his suffices.

3) Now we find f
.

Useh to get a grading .

We want feg- and

adle) (f) = h
, i

.e . we just need he im (e) ,
then any

felade)"(h) suffices.

Arguing as in 3 .
2 . 16 ,

haim(e) >k(h , Zg(e) = 0 < Trladh-adx) = 0

Killing form
Xxt2g(e) .

live. add

But this is true bl Igle) has only milpotents in 1+ , so /*)
·

is + 10)
,

adx is

+ (d),

so nothin
T remains

to have
A trace.)


